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Abstract
The theory of the ultrashort laser pulse scattered by metallic nanoparticles in
the region of surface plasmon resonances is developed in the framework of kinetic
approach. For the spheroidal particles, the dependence of the light scattering
cross-section on the shape of the particles, the carrier wave frequency, a pulse
duration, and other factors is studied. Additionally, an interaction of small
metallic particles with double ultrashort pulse is considered. In this case, the
energy scattered by the particles demonstrates oscillating behavior when the
time delay between pulses changes. Special attention is paid to the contribution
of the particle’s surface when the particle’s size is close to the length of free
electron path. The difference between the kinetic approach and Mie theory for
non-spherical particles has been shown.
Keywords: ultrashort pulse, plasmon resonance, nanospheroid, light
scattering, kinetic approach
1. Introduction
An enhancement of local electric fields near metallic nanoparticles makes an
investigation of these objects topical both for the theory of condensed matter
and its various applications. Collective electron effects, observed in the nanopar-
ticles of different geometries, make possible to use them for producing biomark-
ers and biosensors, optical antennas, subwavelength devices, metamaterials with
negative refractive index, integrated circuits, and so on (see, e.g.,[1]-[8]).
Modern optical methods permit to study experimentally both ensembles of
nanoparticles and separate nanoobjects. This opens great prospects for research
on many-electron dynamics in low-dimensional systems. Observation and inves-
tigation of fast processes‘ dynamics not only in single particles, but also in
individual molecules and atoms, becomes possible due to the last achievements
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in femto- and attosecond optics (see, for example, monograph [9] and litera-
ture cited there). A broad class of phenomena can be investigated with the
help of ultrashort laser pulses: from nonlinear processes, phase transitions in
solids, and the processes of formation and breakdown of chemical bonds to mag-
netic properties of solids, and extreme-ultraviolet light generation in plasmonic
nanostructures [10]-[14].
When the light frequency is close to the frequency of surface plasmon reso-
nances (SPR) light absorption and scattering in metallic nanoparticles extremely
enhance. In ellipsoidal nanoparticles there are three such resonances, while par-
ticles with spherical shape have only one resonance. Thus, an interaction of
light with ellipsoidal nanoparticles strongly depends on their shape. In the case
of monochromatic electromagnetic wave, contribution of the SPR to the inter-
action and absorption sharply increases when the wave frequency is close to
one of the frequencies of the SPR. The situation drastically changes when the
nanoparticle is irradiated by an ultrashort laser pulse. Since such wave includes
many harmonics, it can excite several plasmon resonances simultaneously; and
the shorter the pulse, the greater is set of its harmonics.
Earlier we investigated the nanoparticles’ shape effect on both absorption
and scattering of the monochromatic wave [15, 16]. The peculiar features of the
absorption of ultrashort pulses by the metallic nanoparticles were studied. In
particular, it was shown that if the size of a non-spherical nanoparticle is smaller
than the free electron path, the optical conductivity becomes a tensor, and its
components define half-widths of the plasmon resonances [17]. So, accounting of
the input of nanoparticles’ asymmetry to half-widths of the SPR is not limited
only to the influence of depolarization factors.
In this paper we study the effects of metal nanoparticles’ shape and size
on the scattering of ultrashort laser pulses with carrier frequencies close to fre-
quencies of the SPRs. The main distinction from the previous investigations
is considering pairs of laser pulses with equal duration. First pulse excites the
plasmon oscillations, and the second one can either enhance or weaken the scat-
tering effect depending on the phase of plasmon oscillations. In this paper we
find: (i) cross-section of light scattering by ellipsoidal metallic nanoparticles
both for single ultrashort laser pulse and for pair of such pulses; (ii) its depen-
dence on the nanoparticles’ shape and size, frequency of a carrier wave, pulse
duration and time delay between pulses.
The structure of the paper is the following. In Sec.II we describe the problem
and method for its solving. Then in Sec.III, we find components of conductivity
tensor by solving a kinetic equation. Finally, Sec.IV contains results and its
discussion.
2. Formulation of the problem
Let us consider the general case of the ellipsoidal metallic nanoparticle (MN)
with three different semiaxes (Rx, Ry, Rz) in the field of ultrashort electromag-
netic pulse. Such shape of the particle is convenient because the obtained results
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can be applied to a broad class of MNs: from disk-shaped to needle-like ones.
The electric field of an incident electromagnetic wave is given as:
E(r, t) = E0 exp
{
−Γ2
(
t− k0r
ω0
)2}
cos(ω0t− k0r), (1)
where E0 is an amplitude of an electric field, ω0 and k0 are the frequency and
the wave vector of the carrier wave correspondingly, Γ is a quantity proportional
to 1/τ , where τ is the pulse duration (an exact relation between Γ and τ will
be fixed later), and r and t describe spatial coordinates and time.
Performing the Fourier transform of (1), we can obtain:
E(r, ω) =
∞∫
−∞
dtE(r, t)eiωt =
√
π
2Γ
E0
[
e−(ω−ω0)
2/4Γ2 + e−(ω+ω0)
2/4Γ2
]
eik0r
ω
ω0 .
(2)
The electric field (1) causes an electrical dipole moment inside the particle,
and this moment defines scattering processes. It is necessary to remark that
we don’t take into account the vortex electrical field induced by a magnetic
component of the external electromagnetic wave. This field is related to the
magnetic scattering (as well as absorption). At the frequencies of plasmon
resonance, this mechanism weakly influences the scattering (or absorption).
An intensity of the scattered radiation, induced by the electric moment of
the particle, is defined as [18]
IS =
c
4π
∣∣[E′ ×H′]∣∣R20dΩ, (3)
where E′ and H′ are electrical and magnetic components of the scattered wave
correspondingly, c is a velocity of the light, R0 is a distance from the nanoparticle
to the observation point, and dΩ is a solid angle. An intensity of the scattered
radiation should be averaged over the period in the case of a monochromatic
wave. For ultrashort laser pulse we will use the full value of intensity:
δIS =
t′/2∫
−t′/2
dtIS(t), (4)
where t′ is a lifetime of the dipole. Since an intensity IS(t) → 0 beyond the
limits of ultrashort pulse, we can extend integration in (4) from −∞ to∞. Then
passing to the Fourier transform of (4) and using (3), we obtain:
δIS =
c
4π
R20dΩ
∞∫
−∞
dω
2π
∣∣∣[E′(R0, ω)× (H′(R0, ω))∗]∣∣∣ . (5)
Thus, we need to know electric and magnetic vectors E′, H′. As was stated
above, the electromagnetic field, scattered by the particle, is defined by its
3
dipole moment (at the distances much larger than a wavelength). We can use
a relation between the density of high-frequency current inside the metallic
particle and electrical dipole moment [18] to define the last one:
∂
∂t
d(t) =
∫
V
d3r′j(r′, t). (6)
Here d is an electrical dipole moment of metallic particle with volume V , j is
the density of high-frequency current.
A high-frequency current inside the particle is caused by an internal electric
field Ein, induced by the incident electromagnetic field of the laser pulse (1).
This internal field Ein is spatially uniform if we assume such inequality:
k0Rj ≪ 1, (7)
where Rj = max(Rx, Ry, Rz). It means that the wavelength λ0 of the carrier
wave is far above the particle size. Then, taking into account (2), an expression
for an internal field is of the form:
[Ein(ω)]j =
[E(0, ω)]j
1 + Lj[ǫjj(ω)− 1] , (8)
where Lj are depolarization factors in the jth direction (in the principal axes of
an ellipsoid), and ǫjj(ω) is a diagonal component of the dielectric permeability
tensor.
3. Kinetic equation and the conductivity tensor
Now, to calculate the density of a high-frequency current one should find the
electron velocity distribution function. More precisely, it is necessary to find a
non-equilibrium addition to the Fermi distribution function, determined by the
local field (8). In the linear approach the distribution function can be written
as
f(r,v, t) = f0(ε) + f1(r,v)e
−iωt, (9)
where f0(ε) is the Fermi distribution function. The function f1(r,v) can be
found as a solution of linearized Boltzmann equation
(ν − iω)f1(r,v) + v∂f1(r,v)
∂r
+ eEinv
∂f0
∂ε
= 0. (10)
The function f1(r,v) ought to satisfy the boundary conditions as well. We
will take, as is usually done, the boundary conditions that correspond to the
diffusive character of scattering
f1(r,v)|S = 0, vn < 0, (11)
where vn is the velocity component normal to the particle surface.
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The boundary conditions (11) in the case of the ellipsoidal particle depend
on angles, and it complicates the evaluation of the (10). It is rather easy to solve
(10) and to satisfy the boundary conditions (11) if one passes to the transformed
coordinate system, where an ellipsoid with semiaxes Rx, Ry, Rz transforms into
a sphere of radius R with the same volume V :
x′i = γixi, v
′
i = γivi, γi =
R
Ri
, R = (RxRyRz)
1/3. (12)
(Here instead of x, y, z we put xi, where i = 1, 2, 3, and the same for velocities).
In the transformed coordinate system eqaution (10) and the boundary con-
ditions (11) can be written as
(ν − iω)f1(r′,v′) + v′ ∂f1(r
′,v′)
∂r′
+ eEinv
′ ∂f0
∂ε
= 0, (13)
f1(r
′,v′)|r′=R = 0, with r′v′ < 0. (14)
The case r′v′ < 0 corresponds to the motion of electrons from the outer surface
of the particle (the origin of coordinates is chosen to be at the center of the
particle).
Using method of the characteristics, one can easily find a solution of (13)
with the boundary conditions (14):
f1(r
′,v′) = −eEinv′ ∂f0
∂ε
1− exp[−(ν − iω)t0(r′,v′)]
ν − iω , (15)
where the characteristics t0(r
′,v′) can be presented as
t0(r
′,v′) =
1
v′2
[
r′v′ +
√
(R2 − r′2)v′2 + (r′v′)2
]
. (16)
Now, using the solution (15), one can calculate the density of a high-frequency
current induced by the electromagnetic wave inside the metallic nanoparticle.
The current density is defined by the expression
j(r, ω) = 2e
( m
2π~
)3 ∫ ∫ ∫
vf1(r,v)d
3v. (17)
Starting from now, we consider a special case of the spheroidal nanoparticle
(the special case of ellipsoidal one), when Rx = Ry = R⊥, Rz = R‖. Actually we
can provide all further integrations in elementary functions for such geometry.
By substituting (17) into expression (6), we obtain an electrical dipole moment
of a spheroidal nanoparticle [16]:
d(ω) = α⊥(ω)E(0, ω) + [α⊥(ω)− α‖(ω)](q0 · E(0, ω))q0, (18)
where α‖,⊥(ω) are components of the polarization tensor along and perpendicu-
lar to the spheroid’s symmetry axis respectively (αx = αy = α⊥, αz = α‖), and
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q0 is a unit vector along the spheroid’s symmetry axis. The polarization tensor
and the tensor of permeability are related via the well-known formula:
α⊥,‖(ω) =
V
4π
ǫ⊥,‖(ω)− 1
1 + L⊥,‖[ǫ⊥,‖(ω)− 1]
. (19)
The tensor of permeability, in turn, is connected with a complex conductivity
tensor through the expression:
ǫ⊥,‖(ω) = 1−
ω2pl
ω2
+ i
4π
ω
σ⊥,‖(ω). (20)
Here ωp l is the frequency of plasma electrons oscillations in the metal:
ωp l =
√
4πne2
m
, (21)
where e and m are the electron charge and mass, respectively, and n is the
electron concentration.
As was stated above, when the size of a non-spherical nanoparticle is smaller
than the free electron path, the optical conductivity becomes a tensor. Here we
consider just such a point. The general formula for the conductivity tensor is
given and analyzed in the paper [19]. Here we are interested in the expression
for the conductivity tensor in a high-frequency region, as we consider a visible-
light range. In this range, components of the conductivity tensor are given by
such expressions [17]:
σ⊥(ω) =
9
8
ne2vF
mR⊥ω2
ϕ⊥, (22)
σ‖(ω) =
9
8
ne2vF
mR⊥ω2
ϕ‖, (23)
where vF is a Fermi velocity, and such notation is introduced:
ϕ⊥(ω) =
1
2


1
2
(
1 + 12e2
p
)√
1− e2p + 1ep
(
1− 14e2
p
)
arcsin ep, if R⊥ < R‖
1
2
(
1− 12e2
p
)√
1 + e2p +
1
ep
(
1+ 14e2
p
)
ln
(√
1+e2p+ep
)
; if R⊥ > R‖
(24)
ϕ‖(ω) =
1
2


(
1− 12e2
p
)√
1− e2p+ 12e3
p
arcsin ep, if R⊥ < R‖(
1 + 12e2
p
)√
1 + e2p − 12e3
p
ln
(√
1 + e2p + ep
)
. if R⊥ > R‖
(25)
where ep is an eccentricity of the spheroid:
e2p =
∣∣∣∣∣1− R
2
⊥
R2‖
∣∣∣∣∣ . (26)
6
4. Scattered field: results and discussion
Thus, we defined all the quantities that characterized a dipole moment,
generated by the laser pulse inside the metallic nanoparticle. According to
the formula (5), we should know a relationship between a dipole moment and
scattered field for calculating an intensity of scattered radiation. In the far-field
this relationship can be given by a well-known formula [18]:
H′(R0, ω) =
ω2
c2R0
[n0 × d(ω)], (27)
where n0 is a unit vector that defines a direction of observation. Besides, in
the far-field a scattered wave is transversal, so there is a relationship between
electric and magnetic components:
E′(R0, ω) =
[
H′(R0, ω)× n0
]
. (28)
Using (27), (28), and (5) we obtain an expression for an intensity of scattered
radiation:
δIS =
cR20
8π2
dΩ
∞∫
−∞
dω
∣∣H′(R0, ω)∣∣2 = dΩ
8π2c3
∞∫
−∞
dωω4 |[n0 × d(ω)]|2 . (29)
According to (1) E(r, t) is a real quantity. It means that E(r,−ω) = E∗(r, ω),
and, as a result, similar relationships are fulfilled for E′(r, ω), H′(r, ω), α⊥,‖(ω),
and d(ω). Thus, (29) can be rewritten as an integral from 0 to ∞:
δIS =
dΩ
4π2c3
∞∫
0
dωω4 |[n0 × d(ω)]|2 . (30)
Apart from the vector n0, there are two more unit vectors that define an
angle dependence of the intensity of the scattered radiation: p0 is a unit vector
that determines a polarization of the incident wave, and q0 is a unit vector that
defines spheroid’s symmetry axis’ orientation. According to (18) we obtain a
result for a cross-product [n0 × d(ω)]:
|[n0×d(ω)]|2 =
∣∣α⊥(ω)[n0×p0] + (α‖(ω)− α⊥(ω))(p0 · q0)[n0×q0]∣∣2 |E(0, ω)|2
(31)
This expression coincides with a similar expression for a monochromatic wave[16].
Besides, it is obviously reduced to the relation for the spherical particle if the
components of the polarization tensor α⊥ and α‖ become equal (α⊥ = α‖ = α).
When we deal with a single nanoparticle, its interaction with the laser pulse
strongly depends on the wave’s polarization (in other words on the angle between
p0 and q0). The study of this dependence can be found in the paper [17]. Here
we consider a collection of chaotically oriented spheroidal nanoparticles. Thus,
7
(31) ought to be averaged over the directions of vector q0. After some algebra
we obtain an averaged expression:〈
|[n0×d(ω)]|2
〉
q
0
=
1
15
{
2·|α⊥(ω)− α‖(ω)|2 +
1
2
[
3·|2α⊥(ω) + α‖(ω)|2
+2·|α⊥(ω)|2 + |α‖(ω)|2
]
sin2ψ
} |E(0, ω)|2 , (32)
where ψ is an angle between vectors n0 and p0. To avoid misunderstanding
we should admit that (32) is not a new result, it can be found in a number
of sources [20, 21], or it can be obtained from the general equation for light
scattered by anisotropic dipole scatterers with random orientations [22].
4.1. Single ultrashort pulse
Considering (30) one can obtain the scattering cross-section dividing the
intensity of radiation (30) by the energy flux density of an incident wave ∆I:
〈dΣ〉
q
0
=
〈δIS〉q
0
∆I
=
dΩ
4pi2c3
∞∫
0
dωω4
〈
|[n0 × d(ω)]|2
〉
q
0
c
4pi
∞∫
−∞
dtE(r, t)·H(r, t)
. (33)
The energy flux density of an incident wave ∆I can be easily calculated. Ac-
cording to (33) and taking into account (2), we obtain following expression:
∆I =
c
8
√
2πΓ
(
1 + e−ω
2
0
/2Γ2
)
E20. (34)
Here we need to dwell on the question about the pulse duration (we designate
this value as τ). We can define this time using expression (34) in a following
way. If we consider the situation when ω0/Γ ≫ 1, the energy flux density of
an incident wave ∆I divided by the pulse duration τ ought to be equal to the
energy flux density of an incident monochromatic wave divided by its period.
Thus, we have a relationship:
∆I
τ
=
cE20
8π
⇒ τ =
√
π
2
1
Γ
(35)
If one proceeds to the limit Γ → 0, an expression for the light scattering
cross-section (33) should reduce to the similar expression for a monochromatic
wave. For this purpose, we use the next representation for δ function [23]:
δ(x) =
1√
π
lim
α→0
1
α
e−x
2/α2 . (36)
And after calculation we obtain from (33):
〈dΣ〉q
0
=
ω40
15c4
{
2|α⊥(ω0)− α‖(ω0)|2+
1
2
[
3 |2α⊥(ω0) + α‖(ω0)|2
+2 |α⊥(ω0)|2 + |α‖(ω0)|2
]
sin2ψ
}
dΩ.
(37)
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Preceding expression coincides with the result obtained for the scattering of
monochromatic wave by the collection of chaotically oriented metallic nanospheroids
[16].
The ultrashort electromagnetic wave is characterized by its carrier frequency
ω0 and time duration τ (besides the amplitude E0 that doesn’t influence the
cross-section of elastic scattering). The metallic nanoparticle, in turn, is charac-
terized by its volume, shape, and free electrons concentration (bearing in mind
our approach). In the case of spheroidal particles, the nanoparticle’s shape is
defined by a relation of semiaxes (or eccentricity). Let us analyze how formula
(33) depends on these parameters. To do this, we normalize the cross-section
by surface area of the nanoparticle. The surface area of the spheroid (ellipsoid
of revolution) is given by the formula [23]:
Sell = 2πR⊥


R⊥ +
R2‖√
R2
‖
−R2⊥
arcsin
R2‖−R
2
⊥
R‖
, if R⊥ < R‖
R⊥ +
R2‖√
R2⊥−R
2
‖
ln
R⊥+
√
R2⊥−R
2
‖
R‖
, if R⊥ > R‖.
(38)
In the figures 1-3 we present the carrier frequency dependence of the normal-
ized light-scattering cross-section for the collection of Au nanoparticles oriented
chaotically. The illustrations are performed for different pulse durations (or
values of parameter Γ) and for monochromatic wave that coincides limit case
Γ→ 0.
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Figure 1: (Color online) The depen-
dence of the ratio <dΣ>/Sell for pro-
late (R⊥/R‖ = 0.8) spheroidal Au par-
ticles (with R = 20nm) on the carrier
frequency ω0 for different values of Γ:
Γ = 2.5 ∗ 1014 s−1(τ = 5 fs) - solid (red)
line, Γ = 5 ∗ 1013 s−1(τ = 25 fs) - thick
(blue) line, monochromatic wave (Γ → 0)
- dashed (black) line. The numerical eval-
uation is performed for the angle ψ = pi/4.
7.0´ 1015 7.5´ 1015 8.0´ 1015 8.5´ 1015 9.0´ 1015 9.5´ 1015Ω0,Hz
10
20
30
40
50
dS
Sell
Figure 2: (Color online) The same as on
Fig. 1 for oblate (R⊥/R‖ = 1.25) parti-
cles.
The calculations were carried out using such parameters for Au: ν = 3.39 ∗
1013s−1 at 0◦C [17], n = 5.9 ∗ 1022cm−3, vF = 1.39 ∗ 108cm/s [24].
As we can see from figures 1 and 2, parameter Γ influences the width of
plasmon resonance. This result is obvious because of the meaning of Γ as a
9
value reciprocal to the pulse duration. As we know, the shorter the pulse is the
more modes it excites. Using the inequality between energy and time, we obtain
a relationship between the pulse duration τ and spectral width ∆ω:
∆ω · τ ≥ 1
2
(39)
Equality to 1/2 in (39) can only be reached with Gaussian time and spectral
envelopes. The Gaussian pulse shape consumes a minimum amount of spectral
components. When the equality is reached in (39), the pulse is called a Fourier-
transform-limited pulse [9]. So, we can modify formula for the half-width of
a plasmon resonance. In the case of monochromatic wave, the half-width of a
plasmon resonance is given by an expression:
γi = 2πLiσii(ω). (40)
This value strongly depends on the particles’ shape and is defined by the diag-
onal components of the optical conductivity tensor σij . When the laser pulse
has a Gaussian shape, the half-width of a peak can be estimated as:
γi(Γ) = ∆ω + πLi [σii(ω0 −∆ω) + σii(ω0 +∆ω)] . (41)
The solid (red) curves in figures 1 and 2 show that two plasmonic resonances
begin to join when the value of Γ is sufficiently large (Γ = 2.5 ∗ 1014 s−1 for the
solid curves).
Positions of plasmonic resonances don’t depend on Γ and are defined by
the particle’s shape. There are two plasmonic peaks for the spheroidal particle
with resonance frequencies ω⊥,‖ = L⊥,‖ωpl (for the Au particles ωpl ≈ 1.37 ∗
1016 s−1)[17].
As follows from figures 1 and 2, the laser pulses of longer duration are scat-
tered more effectively. The maximum is achieved when the electromagnetic wave
is monochromatic. This is a consequence of plasmonic resonance broadening –
the square under the curve should be a conserved quantity. As for the shape
dependence of the scattering, the maximum is achieved when R⊥/R‖ = 1, i.e.,
when the particles have the spherical shape.
The figure 3 presents a surface that demonstrates dependence of the nor-
malized scattering cross-section <dΣ>/Sell on the carrier frequency ω0 and the
semiaxes ratio R⊥/R‖. This surface has four ranges that show how the frequen-
cies of plasmon resonances depend on the particle’s shape. These ’ranges’ join in
the maximum of the scattering that is observed for the ensemble of almost spher-
ical nanoparticles at the frequency of plasmonic resonance for a sphere ωpl/
√
3.
The point is that at the frequency ωpl/
√
3 the cross-section <dΣ> /Sell as a
function of the semiaxes ratio R⊥/R‖ has a local minimum at R⊥/R‖ = 1 and
two maxima with R⊥/R‖ < 1 and R⊥/R‖ > 1 close to this minimum. This
situation is illustrated in figure 4. Here we need to stress the point that the
cross-section <dΣ> /Sell as a function of the ratio R⊥/R‖ demonstrates such a
behavior only for ultrashort pulses, while the cross-section of a monochromatic
wave has an absolute maximum at ω = ωpl/
√
3 and R⊥/R‖ = 1. The value
10
Figure 3: (Color online) The dependence of the ratio <dΣ>/Sell for spheroidal Au particles
(with R = 20nm) on the carrier frequency ω0 and the semiaxes ratio R⊥/R‖ for Γ = 2.5 ∗
1014 s−1. The numerical evaluation is performed for the angle ψ = pi/4.
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Figure 4: The dependence of the ratio <dΣ> /Sell for spheroidal Au particles (with R =
20nm) on the semiaxes ratio R⊥/R‖ for Γ = 2.5 ∗ 10
14 s−1. The numerical evaluation is
performed for the angle ψ = pi/4.
12
Figure 5: The double pulse scheme.
of parameter Γ = 2.5 ∗ 1014 s−1 (in figures 3 and 4) corresponds to the pulse
duration τ ≈ 5 fs according to the (35).
4.2. Double ultrashort pulse
Due to the dominant contribution to the light scattering of the collective
electron motion at the wave frequencies close to the frequency of plasmon res-
onance, the study of nanoparticles’ interaction with double ultrashort pulse
becomes actual. As the first pulse of the couple excites plasmon oscillations
of an electron gas, the second one can both enhance or weaken the scattering
effect depending on the phase of plasmon oscillations in the moment when the
second pulse is coming. As we have mentioned earlier, plasmon frequencies are
explicitly defined by the nanoparticle’s shape. So, when the shape is specified,
the light scattering cross-section depends on the time delay between first and
second pulses.
We consider a series of double ultrashort pulses with the same duration τ and
time delay τ ′ between pulses in a couple (see figure 5). The time τ ′′ between two
couples is much bigger than time delay τ ′ and lifetime of plasmon oscillations.
So, when the next couple of pulses acts on the nanoparticle, the nanoparticle
already ’forgot’ an action of previous couple by this time. An electric field of a
couple is given by a superposition of single pulses’ fields:
ET (r, t) = E1(r, t) +E2(r, t), (42)
where electric field of the second and first pulses are related by following ex-
pression:
E2(r, t) = E1(r, t+ τ
′). (43)
So, the Fourier component of total field can be written in such a way:
ET (r, ω) = E1(r, ω)
(
1 + eiωτ
′
)
. (44)
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Figure 6: The dependence of the ratio <dΣ> /Sell for prolate (R⊥/R‖ = 0.8) spheroidal
Au particles (with R = 20 nm) on the time delay τ ′ for Γ = 2.5 ∗ 1014 s−1(τ = 5 fs). The
numerical evaluation is performed for the angle ψ = pi/4.
The quantity E1(r, ω) in the last expression is given by formula (2), that’s why
one can obtain from (44):
|ET (0, ω)|2 = 2(1 + cosωτ ′) |E(0, ω)|2 . (45)
For the double ultrashort pulse, an expression (33) for the cross-section of
light scattering remains true if |E(0, ω)|2 is replaced by |ET (0, ω)|2 in (31) and
∆I is calculated for the double pulse. According to (33) and (45) we obtain the
energy flux density of an incident wave for the ultrashort double pulse:
∆I =
c
4
√
2πΓ
[
1 + e−ω
2
0
/2Γ2
(
1 + e−τ
′2Γ2/2
)
+ e−τ
′2Γ2/2 ·cosω0τ ′
]
·E20. (46)
When the exponent τ ′2Γ2/2 ≫ 1, or in other words τ ′ ≫ τ , the energy flux
density (46) is twice as large as the density of a single pulse (33).
The normalized cross-section dependence on the time delay τ ′ is illustrated
in figure 6. The time range is approximately from 20 fs to 200 fs that corresponds
to 4τ and 40τ respectively according to the formulae (35) (for Γ = 2.5∗1014 s−1).
The frequency of a plasmon resonance for a sphere ωpl/
√
3 is taken as a carrier
frequency, the nanoparticles’ shape is a prolate spheroid with semiaxes ratio
R⊥/R‖ = 0.8.
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This figure shows that a value of the cross-section (or intensity of scattered
wave) rapidly oscillates, when the time delay between pulses τ ′ is of the one
order with pulses’ duration τ . These oscillations damp when the time delay τ ′
increases. The second pulse doesn’t feel the influence of the first pulse, when
the time delay is greater than the lifetime of the plasmon vibrations; and in
this case, the scattering cross-section of the double ultrashort pulse turns to the
same quantity for two detached ultrashort pulses at the limiting case τ ′/τ ≫ 1.
The cross-section’s oscillations damping is associated with plasmon vibrations
damping. The calculations show that scattering oscillations damping doesn’t
depend on the pulses’ duration τ and is defined by the shape of the nanoparticle.
This result follows from the aforementioned fact that the frequency of plasmon
vibrations doesn’t depend on Γ, and τ so on.
5. Conclusions
In the framework of kinetic approach we study the dependence of ultrashort
pulse scattered by the ensemble of metallic nanoparticles on the carrier wave
frequency, pulse duration, time delay between pulses, and particles’ shape. We
take into account that when the size of the particle is comparable with the free
electron path, one has to consider conductivity as a tensor. The product of the
diagonal component of this tensor and the corresponding depolarization factor
defines the half-width of the plasmonic resonance. This is the difference between
our approach and Mie theory, where the conductivity is treated as a scalar and
the particle’s shape dependence in resonances comes only by the depolarization
factors.
The calculations show that intensity of scattered wave at the frequencies
of plasmonic resonances decreases when the pulse duration shortens, while the
intensity of the incident wave is constant. At the same time, the half-widths
of plasmonic resonances grow, and, as a result, the intensity of scattered wave
increases at the frequencies that are close to the resonances. This effect is related
to the fact that the shorter the pulse, the more vibration modes in the particle
it excites. The positions of plasmonic resonances do not depend on the pulse
duration and is defined by the nanoparticle’s shape.
There is a qualitative difference between the ultrashort pulse and monochro-
matic wave at the frequency of plasmonic resonance for a sphere. For the
monochromatic wave the maximum in scattering is observed for spherical par-
ticles, meaning that when the shape of nanoparticles deviates from spherical,
intensity of the scattered field decays. For the ultrashort pulse at the same
carrier frequency, two maxima in scattering are observed for prolate and oblate
spheroids that are close to sphere. The local minimum, that corresponds to
the spherical particle, is situated between these maxima. This effect occurs due
to the presence of two plasmonic resonance in spheroidal particles. When the
spheroid is close to the sphere, resonance frequencies are close too, and both
of these resonances are excited by the ultrashort pulse. The total contribu-
tion to the scattering of two resonances is greater than the contribution of one
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plasmonic resonance that is observed for the spherical nanoparticle of the same
volume.
The study of double ultrashort laser pulse’s scattering by the ensemble of
metallic nanoparticles shows that an intensity of scattered field oscillates with
change of the time delay between the pulses. These oscillations are related to
the surface plasmon oscillations in metallic nanoparticles. An intensity of the
scattered light can be both enhanced or weakened depending on the plasmon
oscillation’s phase at the moment when the second pulse arrives. When the time
delay is comparable with pulses’ duration, the rapid oscillations of intensity are
observed. They damp when the time delay becomes much greater than pulses’
duration. So, when the time delay is small, the second pulse feels the influence
of the first one via the plasmon oscillations in nanoparticles. When the time
delay between pulses is greater than the plasmon lifetime, the total intensity of
scattered wave is given by simple sum of two independent pulses.
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